INTRODUCTION
In this paper we investigate the uniqueness of a nontrivial fixed point of a map preserving a positive cone. This work is motivated by application to age-structured density-dependent population dynamics models. The main result of this paper shows that in certain situations all the fixed points are comparable for the order induced by the positive cone. We then apply this result to prove the uniqueness of the nontrivial equilibrium solution for a discrete-time population dynamics model and its continuous-time analogue.
Ž 5 5. Let K be a cone of a Banach space X, и ; that is, K is a closed Ä 4 convex subset of X, satisfying tK ; K, for all t G 0, and if x g K _ 0 , then yx f K. Such a cone K induces a partial order on X, denoted by F , and defined by x F y m y y x g K. In the sequel, we will also define Ä 4
x -y m y y x g K _ 0 and x < y m y y x g Int K , Ž . 
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We will make the following hypotheses on F.
Ž . H 1 Zero is globally asymptotically stable for F . is defined by P x s¨* x¨, ᭙ x g X .
Ž . H 3 We assume that
is a subset family of K, such that for each g ⌳, g ⌳ Ž w x A is maximal compact invariant for F see Hale 3, p. 17 for the . corresponding definition , then there exists a compact subset C ; K such that
The following theorem is the main result of this paper. x , x g K are two distinct fixed points of F , then 1 2 x < x or x 4 x . As consequence of Theorem 1.1, we will obtain a uniqueness result for nontrivial equilibrium solutions of the model introduced by Liu and Cohen w x 4 . Consider the difference equation
. . , n y 1. Ž . w x The difference equation 1 is investigated by Liu and Cohen 4 ; they obtain an existence and uniqueness result for nontrivial equilibrium solutions. Here we will obtain a new kind of condition for the uniqueness of the nontrivial fixed point. Let us denote by Ž .
. . , b g ‫ޒ‬ be fixed such that R s 1, and as-
. . , n y 1, and n s max k g
We denote by F: ‫ޒ‬ = ‫ޒ‬ ª ‫ޒ‬ , the map associated
q q
Then by defining ⌳ as w x Such equations are extensively studied in the book by Webb 9 , and we refer to this book for a survey on this subject. Integrating over age, the Ž . problem of finding a steady state of Eq. 3 can be rewritten as the 0 w x following fixed point problem: To find u g C 0, m , satisfying 
Ž .

0
We will make the following assumptions,
Then by defining ⌳ as
one has the following theorem.
ATTRACTORS EXISTENCE w x
In this section we recall some results proved in Magal 6 using results w x on dissipative discrete time dynamical systems of the book by Hale 3 . w x The following proposition is proved in Magal 6, Proposition 2.2 . 
In this section we adapt to invariant bounded sets the method developed w x by Vanderbauwhede 7 . For a survey of this question, we also refer to the w x w x paper by Vanderbauwhede 8 and the book by Chow et al. 1, p. 1᎐48 .
Ž 5 5. We consider a Banach space X, и , M a bounded subset of X, and T : Ž M ª M a continuous map, and we assume that M is invariant by T i.e., Ž . . T M s M . The problem is then to reduce the following system:
Ž . Here, to reduce the system 5 means that given P g L L X a bounded Ž . Ž .Ž . linear operator of projection, we look for a map :
Ž . Ž .Ž . In other words, we look for a map : P M ª Id y P M such that the Ž Ž . Ä Ž . Ž .4 graph of i.e., Gr s y q y : y g P M is equal to M. Then each Ž . solution of system 5 corresponds to a solution of the following system Ž . and conversely :
Ž .
6
with
Ž . Ž .
0
We will make the following assumptions. closed subspaces X which are positively invariant A and
In the sequel, we will denote by P g L L X the linear bounded operator Ž . Ž . projection satisfying Im P s X , and Ker P s X , and for each ) 0, 2 1 y Ž . Ä we will denote by Y X the Banach space of all the sequences y s y yp
s sup y : p g ‫ގ‬ -qϱ, and we
yp w The following lemma can be found in the paper by Vanderbauwhede 7,  x Lemma 1, p. 410 .
The proof of the following lemma uses similar of arguments as in the w x proof of Lemma 2, p. 411 in Vanderbauwhede 7 . 
and
The fact that S and K are bounded linear operators follows from Lemma y Ž . 3.1. Moreover, one has for all y, y g Y X , Ž . Ž .
and by stating that
Ž . From Eq. 9 , and since ⌿ y s ⌿ z we deduce that y s z. Finally we obtain Id y P y s Id y P z .
Ž .Ž . Ž .
The previous part of the proof also shows that given x g M, there exists one and only one negative T-orbit through x. To prove that is Lipsy Ž . Ž .
Ž . Then by construction of ⌿, and from Eq. 9 , ⌿ is invertible. Moreover, Ž . Ž y Ž .. one has from Eq. 9 for all
Ž . y Ž . Let x , y g P M , and x, y g Y M be the negative T-orbits through 2 2 Ž . Ž . x q x and y q y , respectively. 
Ž
. Lip, A 1 q 0 < Thus we can apply Theorem 3.3 to F , and we deduce that for all
. P x y P x , and 1 2
Thus
Ž . From this we deduce using Eq. 11 that
and the proof is complete.
5. PROOF OF THEOREM 1.2 Ž . Ž . We now prove that Assumptions H 1 to H5 are satisfied for F. Here n n 5 5 5 5 K s ‫ޒ‬ , and X s ‫ޒ‬ is endowed with the norm и defined by x s
n where the map L:
into the set of nonnegative matrices, defined by
. where under assumption ii , and the fact that G ᭙ g ⌳, the block is well defined, and one has
The ball˜n5
with M s C rC e q 1 is then positively invariant by F , и , and Ž . Ž . in Assumption H5 , we deduce that Assumption H5 is satisfied.
One may now apply Theorem 1.1, and we deduce that there exists But then since
n and L , x is an irreducible matrix ᭙ x g ‫ޒ‬ , we deduce that
On the other hand, assume, for example, that 0 < x < x , then by 1 2 construction one has
n and since L , x is an irreducible matrix ᭙ x g ‫ޒ‬ , this implies that
Ž . Ž . and we obtain a contradiction. From this contradiction, we deduce that So, we obtain, using in addition that
Ž . Ž . Ž . As every fixed point of F is a fixed point F 2 , the same conclusion hold for 
